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ABSTRACT 

There has been much recent discussion concerning the 
content of the standard calculus course for students majoring in 
mathematics and the sciences. Some of this discussion has focused on 
the available textbooks. One weakness noted in some of these books 
involves the definitions of limit and continuity for functions of 
several variables. A surprising number of the textbooks include 
exercises or examples which are incorrectly handled within the 
context of the definitions given. These subjects are surveyed in both 
current and past textbooks and presented in graphical and tabular 
form. Some alternatives are suggested. [Appended is a nine-page 
"Calculus Textbook Data Table" and 229 references.] (Author/PK) 
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Multivariate Limits and Continuity: 
A Survey of Calculus Textbooks 
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9 February 1988 

Abstract. There has been much recent discussion concerning the content 
of the standard calculus course for students majoring in mathematics 
and the sciences. Some of this discussion has focused on the available 
textbooks. One weakness in some of these books involv2s the definitions 
of hmdt and corUmuity for functions of several variables. A surprising num- 
ber of the textbooks include exercises or examples which are incorrectly 
handled within the context of the definitions given. These subjects will 
be surveyed in both current and past textbooks and presented in graph- 
ical and tabular form. Some alternatives wiU be suggested. 



A number of authors have recently considered the content of the stan- 
dard calculus course for science majors [8] [19] [140] [159] [167] [187] 
[225]. For a thought-provoking general discussion of calculus textbooks, 
see Ungar's review [225]. 

An interesting oversight that exists in many calculus textbooks was 
recently brought to our attention when a student asked a question in 
class. His question concerned an assigned homework exercise involving 
limits of functions of several variables. The exercise was to evaluate 



The student wondered how to arrive at 1, the answer given in the back 
of the textbook [215]. The definition of limit as stated in that textboo^ 
is given below: 

The limit of / as p approaches po is L if for each e > 0 there exists 
S >0 such that |/(p) - f{po)\ < e whenever 0 < |p - po| < <5. 

Notice that this definition requires that / be defined on a deleted neigh- 
borhood (open) of the point po. 

In this particular textbook, nea* y half of the homework exercises illus- 
trating limits involve functions which fail to exist throughout a deleted 
neighborhood of po even though, according to the definition, these func- 
tions must be defined on just such a neighborhood. In the homework 
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exercise given above, the function is not defined for any points on the 
line X = 0. Consequently, each deleted neighborhood of (0, 0) contains 
points where / fails to exist, and thus the limit does not exist. 

Browsing through other calculus textbooks on our shelves revealed 
a surprising number of inconsistencies between the definition of limit 
and the related examples and homework exercises. Similar difficulties 
involved the concept of continuity. 

This prompted us to survey the libraries of several colleges and univer- 
sities by examining the calculus textbooks intended for science majors 
and treating functions of several variables in any form. As our review of 
these 222 books proceeded, we observed a rich variety in the definitions 
given for the terms limit and continuity. In addition, there is a concomi- 
tant variety in the types of examples and homework exercises given to 
illustrate the various definitions. 

In order to present the results of this study in both graphical and tab- 
ular form, we have elected to categoiize the various textbooks according 
to the definitions, examples, and homework exercises. In a few cases 
where the data would not precisely fit into any of the categories, we 
selected what seemed to be the closest category. We shall now proceed 
with the analysis of the definitions. 

Definitions of Limits and Continuity 

It is always a challenge to satisfy simultaneously the two notions of 
simplicity and completeness. At one extreme, some authors have chosen 
not to give any definitions of limit or continuity. Others may merely 
describe one or the other of these concepts in an informal paragraph. 
On the other hand, many authors attempt greater levels of rigor by using 
the standard epsilon-delta or the equivalent neighborhood approach. 

We begin with the classifications of the textbooks according to the 
definitions of limit. The various category symbols will be used in Figures 
1 and 2 and the Calculus Textbook Data Table. 

N. No definition is given in these books. In some cases the concept 
is still used. 

I. Limits are described only in an informal paragraph. These books 
will be grouped into what we will call class I (informal). 

FA. Ihese books contain an informal presentation in the main body 
of the text together with a formal definition given in an appendix. 
This group will be referred to as class FA (formal-appendix). 

C. Limits in these books are defined in terms of continuity. We shall 
refer to this group as class C (continuity). 
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F. In these textbooks, the definition is given formally in terms of 
epsilon and delta or in terms of neighborhoods. For example, 
"The limit of /(p) as p approaches po is L if given e > 0 there 
exists 6 >0 where Q<\p-po\<S implies that |/(p) - L\ < e." 
The definitions used in these books require that / be defined on a 
deleted neighborhood of po. These books form class F (formal). 

GF. The formal definition is expanded to include functions not defined 
on a deleted neighborhood of po. For example, "The limit of /(p) 
as p approaches po is L if: 

a. for each 6 > 0 there exists some point p in the domain of / 
satisfying Q<\p-po\< 6, and 

b. given e > 0 there exists ^ > 0 where 0 < \p - po\ < 6 and p 
contained in the domain of / implies that |/(p) - L| < e." 

These definitions are more complicated tham those found in class 
F books, but they do accommodate more interesting examples. 
In particular, note that po need only be an accumulation point 
of the domain of /. We shall call this group of books class GF 
(generalized-formal). 

X. The definition is similar to those found in GF textbooks but po 
is allowed to be an isolated point. A typical definition is "the 
limit of /(p) as p approaches po is L if given e > 0 there exists 
^ > 0 where 0<\p~po\<S and p contained in the domain of / 
imply that |/(p) - L| < e." In this case, / is allowed to exhibit 
the rather bizarre behavior of having any value as a limit when p 
is an isolated point in the domain of /. These shall be grouped 
into class X. 

Only slight modifications are required to classify the books according 
to the definitions of continuity. One new class is introduced. 

N. No definition is given. In some cases the concept is still used. 

I. Continuity is described informally in a paragraph. 

L. Continuity is defined in terms of a limit. 

F . A formal definition is given in terms of epsi'^^n and delta or neigh- 
borhoods. The function / must be defined on a neighborhood of 
Po if it is to be continuous at po. 

GF . These books contain generalized definitions which do not require 
/ to be defined on a neighborhood of po. However, po must be 
contained in and be an accumulation point of the domain of /. 

X. The point po could be an isolated point of the domain of /. 
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Examples and Homework Exercises Involving limits 

We shall now categorize the textbooks according to the examples and 
homework exercises illustrating limits: 

S. These books contain only examples and homework exercises 
which are the most straightforward. The functions are all de- 
fined on a deleted neighborhood of po. A typical problem is to 
show that 

liTi + y = 3 

(x,y)-(i,2) 

or that 

(x,y)-(0,0) x2 +y2 

does not exist. In the second case, the expected method of solu- 
tion is to show that the limiting values of the function are different 
along different paths approaching po. We shall call this group of 
books class S (safe). 

+. In these class GF or X books, at least one example or home- 
work exercise involves a function which fails to exist on a curve 
containing po. A typical example is to find 

xy^ - X 
hm . 

(x,y)--(l,l) 

Since these books contain generalized definitions which allow such 
limits to be investigated, there is no inconsistency. This group 
will be called class +. 

?. These books contain at least one example or homework exercise 
similar to those in the last category except that the expected 
solutions to the homework exercises are uncertain, and the books 
are of not class GF or X. The exercises do not have answers given 
in the text. In the case of the examples, at least one is misleading 
(e.g. it may be stated that a limit does not exist since the limiting 
values are calculated to be different on different paths while no 
mention is made of the fact the function is not even defined on 
some paths approaching po;. We refer to these as class ?. 

— . In this class of books, at least one example or homework exercise 
involves a function which fa-is to exist on a curve containing po 
and the books are not of class GF or X. In addition, a solution 
is offered for the example or for the homework exercise which is 
incorrect (e.g. a value is given for a limit when that limit is not 
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defined in the textbook). This group of books will be calied ciass 
N. No examples or homework exercises are given. 

Examples and Homework Exercises Involving Continuity 

The classifications of textbooks by examples and homework exercises 
given above need only minor modification when made according to con- 
tinuity rather than limit 

S. All examples and homework exercises involve functions defined 
on a neighborhood of po. 

+. Some of the examples or homework exercises involve functions not 
defined on a neighborhood of po. These textbooks have general- 
ized definitions which allow continuity at points on the boundary 
of the domain of the function. 

?. Again, some of the examples or homework exercises involve func- 
tions not defined on a neighborhood of po. However, in order 
for a function / to be continuous at po, these textbooks require 
that / be defined on a neighborhood of po. Consequently, none 
of these functions are continuous at po. In the case of a home- 
work exercise, no solution is given, and there is some uncertainty 
concerning the expected solution. In the case of textbook exam- 
ples, the solution given is misleading. The functions illustrated 
are not continuous at po, and this fact is typically shown by con- 
sidering two paths of approach with two different limiting values, 
while no mention is made of the fact that / is not defined on a 
neighborhood of po. 

— . These books contain definitions and examples or homework ex- 
ercises similar to those in class ? books. Unfortunately, some 
of the solutions given in the answer section or examples are in- 
correct (e.g. a function is said to be continuous at a point even 
though, according to the definition given in the text, it is not). 

N. No examples or homework exercises are given. 

Trends 

Most of the textbooks published before 1950 do not contain any defi- 
nition of limit (see Figure 1). In many cases the authors of these books 
assume that the student has an intuitive grasp of limits and proceed 
to define continuity in terms of a limit. Most textbooks published in 
this period contain no examples or homework exercises treating limits 
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Limit Definitions Used in Calculus Textbooks 




Before 1050 1050-50 lOflO-60 1070-70 1080-87 



Figure 1 



or continuity but rataer move rapidly into partial differentiation. Con- 
sequently, we found almost no inconsistencies between the definitions 
and the examples or homework exercises. 

Since 1950, increasing attention has been given to limits and conti- 
nuity. Over 78% of the surveyed calculus textbooks published in the 
1970's contained a formal definition of the limit (C, F, GF, or X). For 
the books published during the 1980's, this figure drops to slightly under 
78%; however, during this period, some authors elected to treat limits 
intuitively in the main body of the text and to move the formal defini- 
tion to an appendix. Formal definitions were found in the appendices of 
an additional 7.5% of these books. 

As the degree of rigor in the definitions increased, more examples 
and homework exercises were added to the books, and the number of 
inconsistencies between the definitions and the examples and homework 
exercises increased as well. While almost no inconsistencies were found 
prior to 1950, about 22% of the surveyed texts publbhed in the 19:0's 
contained incorrect or misleading examples or homework exercises. For 
books published in the 1980*8, this figure rises to over 37% (see Figure 
2). 
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Calculus Textbook Survey 




Conclusion 

Many authors have grappled with the problem of finding the ideal 
mixture of clarity and generality in the definitions of limit and continuity. 
Most current textbooks fall into class F for limit definitions, class L for 
continuity definitions, and class S for examples and homework exercises. 
Many other current textbooks are of the same classes for the definitions, 
but move into class - for the examples and homework exercises. We feel 
that this combination places an unreasonable burden on the student, and 
we suspect that in some cases the authors who use this combination are 
unaware of the inconsistencies. 

Careful authors who wish to give a general definition often use a def- 
inition placing the book in class GF with more challenging examples 
or exercises which place the book in the + class. This combination in- 
cludes a definition that is perhaps more difficult for the average student 
to master, but it also includes very interesting examples and homework 
exercises for the more capable student. 

It appears to us that the best approach for authors who favor an 
intuitive presentation is to place a formal definition in an appendix and 
limit both the examples and homework exercises to the straightforward 
type found in class S books. 
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For a more formal approach, v/e prefer a book in with an F-type 
definition in the main body of the text coupled with a GF-type definition 
given as a footnote or in an appendix. Most of the exercises should be 
of the most straightforward type such as those in class S books, with 
perhaps one or two of the more challenging type found in class + books. 
These more demanding exercises should include an indication that they 
are more difficult and require the extended definition. This combination 
has the brevity and clarity needed by the average student while at the 
same time providing more involved exercises for the motivated student. 

If the limit concept is presented as suggested above, the idea of con- 
tinuity is easily handled in terms of limits. 
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Calculus Textbook Data Table 



Column Heading Symbols: 

L = Type of limit definition 

E = Type of limit examples 

H = Type of limit homework exercises 

C = Type of continuity definition 



Please note that the second E and H refer to continuity. 
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